In this work, new equivalences of topological statements and weaker axioms than AC are proven. This equivalences include the use of anti-properties. All this equivalences have been checked with a computer using the theorem proving system Isabelle/Isar and are available at the isarmathlib repository.
Introduction
The close relation between set theory and general topology makes it easy for different equivalences between several axioms independent of ZF and several theorems in general topology to appear.
An example of this relation lies, for example, in the fact that several topological properties are defined in terms of cardinals such as the Lindelöf property or the first or second countable properties which are related to the first uncountable cardinal, and the relation between them depend on the relations between the cardinals which may vary drastically choosing a different set of axioms.
In this paper, we prove the equivalence between axioms which are weaker than AC and statements that consider only topological properties. This has been done already in several papers, like [5, 6, 7] and the references therein. The difference with the present paper is that we include the concept of anti-property which has been studied only considering ZFC = ZF + AC since this concept is defined over the assumption that every set is bijective with some cardinal. Readers can check the expansion of this theories in [8] , an historical survey from 1998, and the references therein.
Definitions and notation
In ZF the classes of sets are defined as predicates in one variable. For convenience, we will write a class as the collection of sets that make this predicate hold. In consequence, we will write A ∈ P when P (A); and P ⊆ Q when ∀A, P (A) ⇒ Q(A).
Also, we consider the cardinality of the sets that are bijective with some ordinal. We define this cardinal as the least ordinal, in the order of ordinals, bijective to that set. The rest of the sets do not have a cardinality. When we write |A|, it implies that A has a cadinality.
Under this construction, the class of cardinals is totally ordered. Hence, we will denote by κ + as the succesor cardinal of the cardinal κ. We consider also ℵ 0 the first infinite cardinal and ℵ α+1 as ℵ 
Definition 1.3. [4] A topological property is a property of topological spaces that is preserved by homeomorphisms.
Given a topological property P , we defined its spectrum Spec(P ) as the class of sets such that any topology defined over them has the property P .
Then anti-P is defined as: A topological space is anti-P iff the only subspaces that have the property P are those in its spectrum.
A classical example of this concept is: A ∈ Spec(Compact) iff A is finite; and hence the anti-compact spaces are those that appear in the literature as pseudo-finite spaces. Other examples are anti-perfect = scattered or anti-connected = totally disconnected. Proof. The first step in our proof is to compute the spectrum of hyperconnection.
Assume that A has more than 1 point, then the discrete topology on A gives a non hyperconnected space. Hence A is not in the spectrum.
If A has no more than 1 point, the only topology that can be defined in it is the discrete one. This topology has no pair of non-empty open sets, and then is trivially hyperconnected.
The conclusion is: A ∈ Spec(Hyperconnection) iff A has no more than 1 point.
Let's proof next an auxiliary result: The closure of a point is always hyperconnected.
Consider (X, τ ) a topological space and x ∈ X. Consider then, the subspace given by the subset cl({x}).
iff every open set that contains y also contains x. In conclusion, since U s = ∅ then x ∈ U. The same happens for V . Then x ∈ U s ∩ V s and it follows that U s ∩ V s = ∅. Hence the space cl({x}) is hyperconnected.
At last, let's proof the theorem:
Assume that (X, τ ) is anti-hyperconnected. Consider x ∈ X. As the previous lemma states, cl({x}) is hyperconnected as a subspace of (X, τ ). From the definition of Spec(Hyperconnection), follows that cl({x}) has no more than one point; and so, cl({x}) = {x}. In conclusion, {x} is a closed set and hence (X, τ ) is T 1 .
Consider Y a non-empty hyperconnected subspace of (X, τ ). By the definition of anti-property, it follows that Y has one point, Y = {y}. Now Y = cl({y}), since the space is T 1 and if cl({x}) = Y it follows that x ∈ Y and hence x = y. This is the definition of a sober space.
Assume now that (X, τ ) is T 1 and sober.
Consider Y an hyperconnected subspace. Since the space is sober,
Let's define some weaker forms of AC that will appear from now on:
Definition 1.6. C(κ, S) for a cardinal κ and a set S means:
For every family of sets {N t } t∈A ⊆ P ow(S) and |A| ≤ κ, exists f :
Also, if κ = ℵ 0 we write CC(S). If C(κ, S) holds for every set S, then we write C(κ); and if C(κ, S) holds for every cardinal κ, then we write AC(S).
It is easy to prove that if S and T are bijective sets, then C(κ, S) ⇔ C(κ, T ).
Previous results
There has been several articles on the subject of relations between weaker forms of choice and topological statements. Here there is a list of known propositions of which we'll make use and that we will try to generalize. Theorem 1.7. [7] Equivalent are:
N with the discrete topology is Lindelöf.
3. Every topological space with weight smaller than ℵ 1 is Lindelöf.
R is Lindelöf.
5. Q is Lindelöf.
Every unbounded subset of R contains un unbounded sequence.
On the anti-properties there have been also some results that are useful in our work. They study the implications of anti-properties when the original properties are related. The following are the first simple results by Bankston in his original paper. Proposition 1.8. [4] Consider P and Q topological properties.
If P ⇒ Q and Spec
(P ) = Spec(Q), then anti-Q ⇒ anti-P .
anti-P and anti-Q need not to be related in general when
P ⇒ Q.
If a topological space (X, τ ) is P and anti-P , then X is in Spec(P ).

Computations of spectra without choice
To work with the anti-properties, it is necessary to compute the spectrum of the original property. This isn't always easy as we shall show: Theorem 2.1. If a topological property P is preserved by coarser topologies, then A is in Spec(P ) iff (A, P ow(A)) has the property P .
Proof. Assume that A is Spec(P ), then (A, P ow(A)) has the property P by the definition of spectrum.
Assume that (A, P ow(A)) has the property P , and consider (A, τ ) a topological space over A. By assumption, since τ ⊆ P ow(A), it follows that (A, τ ) has the property P . In conclusion, A is in Spec(P ) by definition.
Applying this result to the Lindelöf family of properties:
Corollary 2.3. The spectra of Lindelöf properties have the following properties:
• For cardinals κ and µ; if κ ≤ µ, then Spec(κ-Lindelöf) ⊆ Spec(µ-Lindelöf).
• Also, if ∃f : B → A injective and A in Spec(κ-Lindelöf), B is also in Spec(κ-Lindelöf).
• And κ is not in Spec(κ-Lindelöf)
Proof. Since κ-Lindelöf ⇒ µ-Lindelöf, from 1.8 the first statement follows.
Assume that f : B → A is injective. Then f : (B, P ow(B)) → (A, P ow(A)) is continuous and injective. It can be consider then that (B, P ow(B)) is a closed subspace of (A, P ow(A)). It follows from 2.2 that (A, P ow(A)) is κ-Lindelöf. Then (B, P ow(B)) is also κ-Lindelöf since B is closed, and hence B ∈ Spec(κ-Lindelöf).
U is an open cover for (κ, P ow(κ)) which has no subcover. Since |U| = κ, it follows that (κ, P ow(κ)) is not κ-Lindelöf. In conclusion, κ / ∈ Spec(κ-Lindelöf).
To see the difficulty on computing spectra in ZF, let's compute Spec(Lindelöf):
This following theorem generalizes some points that appeared in [7] . 
C(κ, P ow(κ))
Proof. This proof follows the ideas of Horst Herrlich in [7] for κ = ℵ 0 .
Let's assume 1 to be true and prove 2.
Consider a topological space (X, τ ) with weight smaller than κ + . We need to prove that (X, τ ) is κ
Consider an open cover: M ⊆ τ and M ∈M M = X. Consider also {B t } t∈κ a base for (X, τ ). Fix x ∈ X, then ∃R ∈ M ⊆ τ such that x ∈ R; since M is an open cover. There exists also t ∈ κ such that x ∈ B t and B t ⊆ R by the definition of base. By the definition of S, it follows that t ∈ S(R). In particular t ∈ U ∈S(M) U = U ∈V U. There exists then V ∈ V such that t ∈ V . Also then V ∈ S(M) and exists T ∈ M with V = S(T ). Then B t ⊆ T and T ∈ S −1 (V). In conclusion x ∈ T and T ∈ S −1 (V); so X = U ∈S −1 (V) U.
The application
S : M → P ow(κ) U → {i ∈ κ| B i ⊆ U}
By definition, S
−1 (V) is a subcover of M; but we have to prove that |S −1 (V)| < κ + . Since S is injective, it is bijective on its image. In conclusion
Let's assume 2 to be true and prove 3.
Consider A such that |A| ≤ κ and {N t } t∈A ⊆ P ow(κ) such that ∀t ∈ A, N t = ∅. We need to find f : A → P ow(κ) such that ∀t ∈ A, f (t) ∈ N t .
Consider κ × A with its discrete topology. Then B = {{x}| x ∈ κ × A} is a base for this topology and |B| = |κ × A|. Since |A| ≤ κ, it follows that |κ × A| = |A||κ| ≤ κ 2 = κ < κ + .
In conclusion, κ × A with its discrete topology has weight smaller than κ + . Then κ × A with its discrete topology is κ + -Lindelöf. Since every subspace of κ × A is closed, every subspace of κ × A is also κ + -Lindelöf.
Consider then an injective function r : V → κ, that exists by the last paragraph. It follows easily that if
Since κ is a cardinal, it is well-ordered an hence r({U × {t}| U ∈ N t } ∩ V) has a least element when it's not empty, let's call it Least(t). Also, since r is injective r(U × {t}) = r(V × {t}) implies that U = V . In conclusion there is a unique U ∈ N t such that r(U × {t}) = Least(t), let's call it U least (t).
Define now the following function:
The function f : A → P ow(κ) is the choice function since U least (t) ∈ N t by definition and if N t = {∅}, obviously f (t) = ∅ ∈ N t . Let's assume 3 to be true and prove 1.
Consider the application
It is obvious that X(i) = ∅ for any i ∈ κ since M covers κ.
In conclusion, f (κ) is the subcover of M we needed; and κ with its discrete topology is κ + -Lindelöf.
Corollary 2.5. Assume C(κ, P ow(κ)).
Then A is in Spec(κ
Corollary 2.6. Assume ¬C(κ, P ow(κ)).
is formed by the finite sets.
If CC(P ow(ℵ 0 )), then Spec(Lindelöf) is formed by the countable sets.
The conclusion is that, the spectra vary and hence, it should follow that the anti-properties mean different things depending on different axioms we could add to ZF.
Theorem 2.8. (N, P ow(N)) is anti-Lindelöf in ZF.
Proof. Assume Y is a lindelöf subspace of (N, P ow(N)). Let 
New equivalences with anti-properties
In this last section, we will prove some equivalences of topological statements and axioms weaker than AC. Proof. Consider (X, τ ) the one point compactifiction of that (κ, P ow(κ)).
First, notice that 2.2 makes 2.4(1) and 3 equivalent. So, 1 and 3 are equivalent.
Let's assume 1 and prove 2.
Since |X| = |κ ∪ {κ}| = κ < κ + , from 2.5 it follows that X ∈ Spec(κ + -Lindelöf); and hence it is anti-κ + -Lindelöf.
Let's assume 2 and prove 3.
Since (X, τ ) is compact, then it is κ + -Lindelöf. By assumption, it follows then that X ∈ Spec(κ + -Lindelöf). Since |X| = κ, there is an injective function f : κ → X; so κ ∈ Spec(κ + -Lindelöf) considering 2.3. There is a topological space (X, τ ) which is anti-Lindelöf, but not anti-compact.
Proof. Assume ¬C(κ, P ow(κ)) and let's show the negation of the new statement.
From 2.7, we get that Spec(Lindelöf) = Spec(Compact).
Since compact ⇒ Lindelöf; one of the results of 1.8 states that under this conditions anti-Lindelöf implies anti-compact.
Assume now the negation of new statement, and let's prove that the one point compactification of ℵ 0 with its discrete topology is not anti-Lindelöf.
The one point compactification is compact, then it is also Lindelöf. Assume that this space is anti-Lindelöf. By assumption, it is then anti-compact also.
. This is absurd, since Y is not finite.
This last result cannot be done for higher cardinals as easily. The reason is that CH; which we understand as |P ow(ℵ 0 )| = ℵ 1 , is independent of ZF + CC, but the following theorem holds in ZF. 
In other words, Spec(ℵ
Proof. Consider ℵ 0 with its discrete topology P ow(ℵ 0 ). By CH, |P ow(ℵ 0 )| = ℵ 1 and then every open cover U fulfills |U| ≤ ℵ 1 < ℵ 2 . In conclusion, (ℵ 0 , P ow(ℵ 0 )) is trivially ℵ 2 -Lindelöf; and hence ℵ 0 ∈ Spec(ℵ 2 -Lindelöf).
This theorem states that if every countable set has a topological space such that it is not ℵ 2 -Lindelöf, CH doesn't hold. In conclusion, there are more axioms than those weaker than AC which vary the spectrum of the family of Lindelöf properties. In conclusion, every combination is possible:
This results have deep consequences in ZF, as the following example shows: 
Or in other words; (X, τ ) is anti-Lindelöf in ZF iff '(X, τ ) is anti-compact' is true or undecidable in ZF.
This means that if there is a proof that a space is anti-Lindelöf in ZF, then there can be no proof within ZF that the space is not anti-compact. In other words, it can be proven that the space is anti-compact or more axioms are needed to prove one or the other.
Isabelle/Isar
In the Isabelle webpage [1], we can read the following paragraphs to know what Isabelle/Isar is: 'The Intelligible semi-automated reasoning (Isar) approach to readable formal proof documents sets out to bridge the semantic gap between internal notions of proof given by state-of-the-art interactive theorem proving systems and an appropriate level of abstraction for user-level work.' 'Isabelle is a generic proof assistant. It allows mathematical formulas to be expressed in a formal language and provides tools for proving those formulas in a logical calculus. The Isabelle system offers Isar as an alternative proof language interface layer, beyond traditional tactic scripts.'
Most of the results in this paper are available in isarmathlib [2]; a repository of mathematical results checked in Isabelle/Isar using its ZF axiomatization. Some of those files are presented in a nicer looking webpage [3] .
